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Abstract 



We consider a two-component competition-diffusion system witli equal diffusion 
coefficients and inliomogeneous Diridilet boundary conditions. Wlien the interspecific 
p competition parameter tends to infinity, the system solution converges to that of a free- 

I boundary problem. If all stationary solutions of this limit problem are non-degenerate 

and if a certain linear combination of the boundary data does not identically vanish, 
then for sufficiently large interspecific competition, all non-negative solutions of the 
competition-diffusion system converge to stationary states as time tends to infinity. 
Such dynamics are much simpler than those found for the corresponding system with 
either homogeneous Neumann or homogeneous Dirichlet boundary conditions. 
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i> : 1 Introduction 
o 

In this paper, we show that, under certain conditions, the competition-diffusion system 

><' 

^ ' Ut = Au + f{u) — kuv in Vt 



Vt = Av + g{v) — akuv in Q, (1) 
with inhomogeneous Dirichlet boundary conditions 

u = mi > on dfl, 

V = 1712 > on dVl, (2) 

has simple long-time dynamics for large positive values of the competition parameter k. Here 
Q C is smooth and bounded, / and g are positive on (0, 1) and negative elsewhere, and 
a > 0. Such reaction-diffusion systems are well-known in the modelling of competition be- 
tween two species of population densities u{x, t) and v{x, t), and we refer to the introduction 
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of [6] for a brief review. These models can be used to study the dynamics of the spatial 
segregation between the competing species. The parameters k and a may be thought of as 
representing the interspecific competition rate and the competitive advantage of v over u 
respectively. Zero flux (that is, zero Neumann) are the most commonly imposed boundary 
conditions. But when the two species have quite different preferences for environmental con- 
ditions, then competition occurs mainly in a region Q where their habitats overlap and this 
gives rise to boundary conditions ([2]) on dfl |22j . 

More precisely, we prove that if ami — m2 is not identically zero on dQ and all stationary 
solutions of the limit problem 

— Aw = af{a~^w~^) — g{—w~) =: h{w) in fi, 

w = ami — m2 on dQ, (3) 

are non-degenerate (see Definition HIT]), then for k sufficiently large, all non-negative solutions 
of ([I]) approach stationary states as t — > oo. 

Two remarks on our hypotheses and results should be made at the outset. First, provided 
we suppose that ami — m2 is not identically zero on dVl, our system ([1]) with inhomogeneous 
Dirichlet boundary conditions has much simpler dynamics than the corresponding system 
with zero Dirichlet or Neumann boundary conditions. In [14J, it is observed that such 
systems may have solutions that are small {0{l/k)) for all time. To ensure that for large k 
these solutions converge to a stationary solution of the A;— dependent system as t — oo, it 
is necessary to impose a condition of there being no "circuits" of positive heteroclinic orbits 
of an associated limit system (see [T^ Assumption C3] and [9J) plus a condition on a linear 
limit problem ([m Assumption CI]). No such additional assumptions are needed here to 
show simple dynamics. Compare Theorem 14.41 with [T31 Thm 5] . 

Second, the condition that all solutions of the stationary limit problem ([3]) are non- 
degenerate does not always hold for our boundary conditions - not even in one space dimen- 
sion. This contrasts with the case of zero Neumann or zero Dirichlet boundary conditions, 
in which non-degeneracy does hold in one space-dimension - see a remark in [T31 p 472] . But 
some genericity results can be shown for our inhomogeneous Dirichlet case, and we discuss 
these, together with the possible failure of non-degeneracy in one dimension, in Section 6. 

Our methods owe much to [H], which treats ([1]) with zero Neumann boundary conditions. 
The idea is first to use a blow-up method to show that for each 5 > 0, one of u or/and v 
must be small at each (x, t) G f2 x [5, oo) for sufficiently large k (Section 2). This results in 
the linear combination w = au — v satisfying the scalar equation 

Wt = Aw + h{w) +Ok{l), in fi, (4) 
w = ami — m2 on dQ, 

where ||(9fc(l)||L2(Q) as k oo uniformly in t G [5, cxd). Note that here we can only 
estimate the L^-norm of Ofc(l), rather than the L°°-norm, as in [l4j, if the given boundary 
data mi,m2 is not assumed to be segregated on dfl. But this L^-estimate is sufficient to 
study the long-time behaviour of ([T]). The Lyapunov function for (jlj) with Ok{l) = can 
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then be used (Section 3) to show that w must he close to solutions of ([3]) for A;, t large, 
under the condition that solutions of ([3]) are isolated in L^(f2). Section 4 then shows that if 
these stationary solutions are in fact all non-degenerate, then solutions of ([T]) must approach 
stationary states of ([1]) as t — >• cxd. Note that the non- degeneracy required in Section 4 does 
imply the isolatedness used in Section 3, even though the function in ([3]) being only locally 
Lipschitz at its zero set means that the inverse function theorem cannot be applied directly 
to the operator w Aiy + h{w) (see, for example, remark (ii) at the end of Section 6). 
That there is a (locally) unique stationary solution of ([T]) close to (a'^tf"*", —w~) for w a 
non-degenerate solution of ([3]) is shown in Section 5 using index-theory arguments similar to 
those in [TTl[TOj. Our inhomogeneous boundary values here necessitate careful modification 
of various arguments in [HI [111 IIH], particularly the blow-up argument in Section 2, and 
also in the bounds and index arguments used to prove local uniqueness in Section 5. Section 
6 is devoted to non-degeneracy of stationary solutions of ([2D, as mentioned above. We 
use an approach from [2H |8] to show that all stationary solutions of the limit problem 
are non-degenerate for generic boundary data by applying the version of Sard's Theorem 
from [25] to a suitable map. Our function h defined in ([3]) is locally Lipschitz but not in 
general continuously different iable; [S] extends the work of [24J to deal with such non-smooth 
functions, and we use the ideas from [8] here. 

This paper follows on from the related work [6j, in which a spatial segregation limit is 
derived for the generalisation of ([1]) in which the diffusion coefficients of u and v are allowed 
to differ. It is shown there that for each T > 0, m and v converge in LP'(VL x (0, T)) as ^ oo, 
where in the limit, = almost everywhere and w = au — f is the solution of a limiting 
free boundary problem. Here, our assumption that the diffusion coefficients of u, v are in 
fact the same enables us to form the equation which plays a key role in the rest of our 
analysis. It also allows us to establish the key estimates in Section 1 uniformly in t, which 
enables us to use the Lyapunov-function argument in Section 3. (Note that the argument in 
Section 1 yields estimates uniform in the unbounded time-interval t E [5, oo) for each 6 > 
and we exploit this in the energy argument that is given in Section 3. But estimates uniform 
on bounded time intervals would in fact be sufficient to obtain the result in Section 3 using 
a slightly different argument exploiting [TH Theorem 3.4.1] - see [H].) 

Acknowledgements Elaine Crooks gratefully acknowledges financial support from the 
Michael Zilkha Trust, of Lincoln College, Oxford. Norman Dancer was partially supported 
by the Australian Research Council. Danielle Hilhorst was partially supported by the RTN 
contract FRONTS-SINGULARITIES HPRN-CT-2002-00274. 

2 Formulation of the problem and a key lemma 

Let be a bounded, open, connected subset of with boundary dQ of class C^'^ for some 
fi > and Q := Q X Let /c G N and consider the fc— dependent problem 
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Ut = Au + f{u) — kuv in Q, 

Vf = Av + giy) — akuv in Q, 

(Pf^) } u = m'l ondnx R+, 

V = 7712 on 9f2 X ]R+, 

u{x,0) = Uq{x), v{x,0) = Vq{x) for x E Q, 

where it is supposed throughout that 

(a) / and g are continuously different iable functions on [0, cxd) such that /(O) = g{0) = 
and f{s) < 0, g{s) < for all s > 1; 

(bl) m'l, 7122 > s-nd mj^, 7122 G ly^'^(fi) where p > N; 

(b2) 7n\,7n\ are bounded in W'^'^{VL) independently of fc; 

(b3) there exist mi,m2 G W'^'^{VL) such that ami — m2 is not identically zero on dVl and 

— i> mi and mg — > m2 in C^'^ {Q) 
for each A' G (0, A), with A := 1 - N/p (cf. [26, p 47]); 
(b4) the initial conditions Uq and Vq are defined by 

Uq{x) = 7n\{x), vl{x) = m2(x) for x E Q. 

Some of our results will need the following stronger hypothesis on the limiting boundary 
behaviour of {u,v); 

(b5) let Fi, r2 be closed smooth sub- manifolds- with-boundary of dQ, with non-empty inte- 
rior in dQ, and such that dQ = Ti ur2. Then mi and m2 in (b3) are such that m^ = 
on Tj where j ^ i- 

We note the following basic consequence of (b2) and (b3). 

Lemma 2.1 Suppose Vt 3 Xk ^ x as k ^ 00. TheTi 7n!l{xk) rni{x) as k ^ 00 for 
IE {1,2}. 

Proof. (b2) implies that given e > 0, there exists ko > such that |mf(xfe) — mj(xfc)| < e/2 
for all k > fco- And since m, is continuous, by (bS), |mj(xfc) — mj(x)| < e/2 for all k suffi- 
ciently large. The result follows. □ 



By a solution of problem (P^) we will mean a pair (u,v) such that u,v E C{Q) fl C^'^(f2 x 
[to, 00)) for any to > 0. We will say that {u,v) is a solution of problem (Pk^r) if u,v E 
C(Q) n C^'^n X [to,T]) for to G (0, T) satisfies (Pfc) with R+ replaced by (0,T). 

We begin with some standard preliminaries on a priori bounds and global well-posedness for 
the problem (Pfc). 
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Lemma 2.2 Let M > max{l, mj^, mg} and suppose that {u^,v^) is a solution of {P^t) for 
some T > 0. Then 

0<u\v'' <M m Ux [0,r]. 

Proof. Define Ci{u) = Ut — Au — f{u) + kuv and C-2{v) = Vt — Av — g{v) + akuv. Since 
£j(0) = 0, 2 = 1,2, it follows from the maximum principle that u^.,v^ > 0. One can then 
check that Ci{M) > 0, i = 1,2, which completes the proof of Lemma [2. 2[ □ 



Lemma 2.3 There exists a unique solution {u^,v^) of {Pk) for each G N. 

Proof By [HI Thms 9.15 and 9.19], there exist /ii,/i2 e C°°(fi) n W^'P^Q) such that for 
i G 1,2, Ahi = in Q and hi = on dQ (in the sense of trace). Defining U := u — hi, 
V := V — h2 allows application of [2T1 Prop 7.3.2] to the corresponding system for U and V 
with homogeneous boundary conditions to yield the existence of a unique solution {u'',v^) 
of {Pk,T) for some T > 0. That we can take T = oo follows from the a priori bounds of 
Lemma [2.21 and the last part of [2T| Prop 7.3.2]. □ 



Given the solution {u^,v^) of {Pk), define 

w'' = au'' - v^. (5) 

Then satisfies the equation 

^ Aw^ + af{u^) - g{v^) in Q, 

= am\ — m\ on dVl x M+, (6) 

w^{x, 0) = auQ^x) — Vq{x) for x E Q. 

Note that the explicitly fc— dependent terms in (P^) cancel on forming the equation for w'^. 
Together with Lemma [2.21 and (b2), this gives k-independent bounds for w'' which are cru- 
cial in the following. 




Now fix /? > and ^ G (0, |) and define 

:= (a; G : dist(a;, dVl) > -^-l ■ (7) 
I ki ^ ) 

The following lemma is crucial. 

Lemma 2.4 (i) Let e, M, to > 0. Then there exists k^ > such that if k > ko and {v}',v^) 
is a solution of {Pk) on Q x (0, oo) with < u'^, v'^ < M, then given any x G A'^ and t > to, 
either 

u\x,t)<e or v\x,t)<e. (8) 

{ii) If, in addition, m\,m\ satisfy the supplementary condition (b5), then ^ holds for any 
X G and t > to. 
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Proof. We adapt the blow-up argument used in the proof of [TU Thm 1], and will prove 
parts (i) and (ii) in parallel. The first step is to use a contradiction argument to obtain a 
limiting system for part (i) that is defined on x M, and then to use a similar argument 
for part (ii) to obtain the same limiting equations but defined on either x M or on if x M 
for a half-space H. The second step will be to show that for both possible limit problems, 
one component must vanish identically, which will lead to a contradiction. 

First consider part (i) and suppose, for contradiction, that there exist eo > 0, j— indexed 
sequences kj ^ oo, tj > to, Xj G A'^j and solutions u''^,v''^ of (Pkj) such that u^^{xj,tj) > cq 
and v^^{xj, tj) > e^. 

Define new j— dependent variables x' = ^/kj{x — Xj),t' = kj(t — tj) and the sets fij by x' E Vlj 
whenever x G fi. Then for x' G Qj and t' G [—kjtj, oo), the functions f/'^-', V'^^ defined by 

{U'^,V'^){x',t') = {U'^,v'^){^^{x-x,),k,{t-tj)) = {u'^,v'^){x,t) 

satisfy 

' f/^ = AU^^ + kJ^fiU^^) - U^^V^^ in VLj x [-kjtj, oo), 

Vl;' = AV''^ + k-^g{V^^) - aU^^V^^ in VLj x [-kjtj, oo), 

< U^^ = ml^ on d^lj X [-kjtj, oo), (9) 

ykj _ y. [— /^^t^.^ c)o), 

U^^{x' , -kjtj) = Uq{x), V^^{x', -kjtj) = Vq^{x) for x' G i^j. 
Note that G f/^^ (0,0) > cq and \/^^(0,0) > cq. 

Consider what happens to the system ([9]) as j — ^ oo. Note first that since tj > to for each j 
and kj —* oo, [—kjtj, oo) tends to M as j — oo, in the sense that given a compact interval 
J C M, there exists jo such that / C [—kjtj, oo) for all j > Jq. This will enable us to obtain 
limiting problems defined for all t G M, which will be vital to conclude our contradiction 
argument. 

Now Xj G A'^^ and x' = when x = Xj. So 

dist(0, d^j) = kj dist{xj, dfl) > (3kj oo as kj — > oo. 

Thus given an arbitrary compact subset K of M^, K C Qj for j sufficiently large, and 
hence given T > 0, K x [—T,T] C Qj x [— kjtj, oo) and is uniformly bounded away from 
d^lj X {—kjtj} for j sufficiently large. And since < U''^,V''^ < M for all j, it follows 
from the interior estimates of [20, p 342] that U''^ , V^^ are bounded independently of j in 
W^^^{Kx[-T,T]) for every pG [1, oo) and thus in C^+^^'-^ {K x[-T,T]) for every A G (0,1) 
(see [201 P 5] for the definition of the parabolic space Wp'^{K x [—T,T])). So there is a 

subsequence of U'^^ , V^^ that converges strongly in C^+^^^^K x [-T, T]) for each A G (0, 1). 
Thus since k~^f{U^^), kj^giV^^) — > uniformly (on K x [—T,T]) as j oo, passing to the 

limit in the weak form of ([9]) yields a weak solution U,V E C^^^'~2- (^K x [—T,T]) of the 
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system 



u, = ^u-uv 

Vt = - aUV. ^ ' 



That in fact U,V E C^+^'^+^K x [-T,T]) and is a classical solution of ([TO]) on mt{K x 
[— T, T]) then follows immediately from |20|, p 224]. And thus by a diagonalisation argument, 
a subsequence of U''^ , V''^ converges uniformly on compact subsets of x M to a solution 
t/, ^ of (pro]) with < ?7, \/ < M and [/(O, 0) > eo, 1^(0, 0) > eo- 

Now consider part (ii), for which condition (b5) is assumed to hold. Proceeding by contra- 
diction as for part (i), the argument above leading to the system (Q follows through with 
the single change that now xj G Q instead of Xj G A'^^ . This leads to there being two possible 
types of limit problem that arise from letting j — > oo in ([H]) in this case, depending on the 
behaviour of the sequence {xj}"^^. If dist(0,9f2j) — > oo for a subsequence as j oo, then 
exactly as above, we obtain a solution [U, V) of ffTOj) on x M. The second possible type of 
limit problem arises if {dist(0, dQj)}'^^^ is bounded. In this case, there is a subsequence (not 
re-labelled) for which Qj approaches a half-space if as j — *^ oo in the sense of the definition 
below. There exists a subsequence of {xj}°?^^ which we denote again by and a point 

Xq such that 

Xj xq as j oo. 

Since by the rescaling, 

dist(0, dnj) = ky^distixj, dVt), (11) 

and since by hypothesis dist(0, dflj) is bounded independently of j, (ITT]) implies that Xq G dQ. 
Furthermore, it turns out that dH is parallel to the tangent plane to dQ at Xq. The precise 
sense of the convergence of the sequence is as follows. 

Definition. We say that Qj approaches a half-space if as j ^ oo if : (i) let C if be 
an arbitrary compact set contained in H; then there exists jo, depending on K, such that 
K C Qj for all j > jo! (ii) similarly let K' C int(M^ \ H) be an arbitrary compact set; then 
there exists Jq depending on K' such that K' C \ Qj for all j > Jq. 

Note that since G Qj for each j, G if and it follows as above that as {kj} oo, 
{U''\ V''^) converges uniformly on compact subsets of ii x R to a function pair {U, V), which 
is continuous on if x M and solves fIlOp on if x R. The limiting pair {U, V) is in fact uniformly 
continuous on H x [— T, T] for each T > 0. This follows from the fact that for some A > 0, 
{U^\V''^) is bounded in C^'2(fij x [— T, T]) independently of j for each T > 0, which can 
be proved in the following steps: 

(i) straightening the boundary of flj locally (as done, for instance, in (TTJ p97-98]) leads 
to transforming into a more complicated system for a transformed pair (t/^^, V^^) 
which can be shown to be bounded in the C^'2-norm of its flat domain independently 
of j for some A > using [201 p204] ; 
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(ii) reversing the straightening of the boundary then gives the required uniform Holder 
bound on {U^\ V''^) because the C^''^ norm of the function which defines the boundary 
at a point of dQj is bounded from above independently of j by the C^'^ norm of dQ. 

We now claim that U = itliIxq) and V = m2{xo) on dH x M, where mi, 1712 are as in (b3). 
To see this, first note that by Lemma \2.1\ m^^{xj) mi{xQ) > for z G {1,2}. Now let 



y G dH. Since Qj converges to if as j — ^ 00, there is a sequence {sj}jZi with Sj G dflj such 
that Sj — > y as j — > CX3. And U^^{sj,t) = ml^{xj H — %=) — >■ mi(xo) as j 00, by Lemma 

12.11 To see that U{y,t) = mi{xo), fix y G intH and let ji be such that for j > ji, y G Qj 



and \\y — Sj\\ < 2\\y — y\\. Then since for each t G M, {?7 is equicontinuous on Q 

given e > 0, there exists 6 > 0, independent of j, such that 

\U'^{y,t) - m\^{x, + ^)| < e if j > ji and 2\\y - y\\ < S, 

and letting j ^ 00 gives that 

\U{y,t) -mi{xo)\<e if 2\\y - y\\ < 6. 

Letting y ^ y, it follows that U{y,t) = mi(xo), and similarly, that V{y,t) = m2(xo), as 
required. 

So we have a solution U, V of (ITUl) on if x M with < U,V < M. Moreover, by condition 
(b5), at least one of U, V is identically zero on dH. And as in the first possible limit problem 
above, U{0, 0) > eo and 1/(0, 0) > eo. 

Thus a contradiction approach to proving both parts (i) and (ii) of Lemma 12.41 leads to a 
solution of the limit equations fllUI) on either x M or on if x M for a half-space H C M^. 
In what follows we complete the proof by showing that for both possible limit problems, 
at least one of U, V must be identically zero, which is inconsistent with U{0, 0) > eo and 
1^(0, 0) > eo- We focus on the details of the case where U, V are defined on ii x M; the case 
when U, V are defined on X M is slightly simpler and is treated in [Ti] . 

Note first that U and V are constant on dH x M. We can suppose that H = {x : xn > 0} 
without loss of generality, since A is invariant under rotation and translation of the spatial 
domain. Now extend 1] := all — V — {aU\QH — V\qh) to a function r) on x M which is 
odd about dH in the direction orthogonal to dH, so that for {x,t) with xn < 0, 

ri{xi, xn-1, Xn, t) = -r]{xi, xn-i, -xn, t). (12) 

It follows immediately from ffTOl) that on {xtv > 0} xM, 57 is pointwise classically differentiable 
up to second order in space and first order in time and fjt = Afj. And the extension 
construction f[T2]) gives that the same holds in {a;Ar < 0} x M, since fjt = A17 is autonomous 
and all spatial derivatives are of even order. Now let G C^(M^ x M) be supported in a ball 
B in X M, and note that the outward unit normals z/, z/ to {xn > 0} x M and {xn < 0} x R 



8 



respectively are the (A^ + l)-vectors z/ = (0, . . . , 0, —1, 0) and z/ = (0, . . . , 0, 1, 0). 
Then for each i = 1, . . . , N, Green's Theorem gives that 



n{{xpf>o}xR) J Bn({xj^<o}xR) 



en({a:jY>0}xM) J Bn{{x pf=0) xR) J Bn({x <0} xR) J Bn({x pf=0} xR) 

xR 

since i' = —9 and so the boundary terms canceL Thus fj has weak first order spatial 
(and likewise, first order time and second order spatial) derivatives that equal the pointwise 
classical derivatives away from dH x M. So r) is a weak solution of r/f = Afj on any bounded 
subdomain of x R. And since i] is continuous on if x R (since U and V are) we have 
that fj is continuous on R^ x R, and hence by [201 p223, Thm 12.1], is a classical solution 
of fit = Afj on R^ X R. So the fact that a bounded solution of fit = Afj on R^ x R must be 
constant [3j implies that fj = fj\dH = 0. Thus on H xM., either all — V = ami(xo), if = 
on dH, or all — V = —m2{xo), if U = on dH. 

Consider the case when aU — V = —m2{xQ) on if x R (a similar argument applies if 
all — V = ami{xo)). Then U satisfies 

Ut = AU -U{aU + m2ixo)) on ii x R, 

U = ondH xR. ^ ^ 

We will show that U = 0. Note that, unlike in the homogeneous Neumann boundary 
condition case considered in [Hj, here it is necessary to consider (1131) on if x R rather than 
on R^ X R because our extended function fj is odd rather than even. 

Since < U < M and U is constant on dH x R, well-known local estimates pO] imply that U 
is bounded in C^~*'^'^+ 2 uniformly in if x R for each A G (0, 1). Define z{t) = sup^g-^ U {x, t). 
To see that z is Lipschitz and thus differentiable almost everywhere ([HI p 81]), take s, t G R 
and let G if be such that U{an,t) > z{t) — 1/n. Then 

z{t) - z{s) <U{an,t) + l/n-snpU{x,s) < f/(a„, t) - f/(a„, s) + 1/n < M\t - s\ + l/n 

xeH 

for some M > 0, since U is bounded in C^'^ uniformly in ff x R. Similarly, z{s) — z{t) < 
M\t - s\. 

Now fix t G R. Because ?7 > on ff x R, f/ = on c^ff x R and U is uniformly continuous on 
ff X {t}, U{-,t) either attains its supremum over x G ff at some x G intff or there exists a 
sequence Xn with dist(a;„, dH) > 5 > for every n and U{xn, t) sup^^-jj U{x, t) as n — > 00. 
Suppose that U{-,i) attains its supremum at x G intif. It follows from the definition of z 
that for h > 0, 

h-\z{i) - z{t- h)) < h-\U{x,i) - U{x,t- h)). 
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Hence, since AU{x,i) < and m2(xo) > 0, 

z(t) - zii- h) 
limsup/,^o+ < Ut[x,t) 

< -U{x,i){aU{x,i) +m2{xo)) 

< -az{tf. 

If sup^gjj ?7(x, f) is not attained, let x„ be such that U{xn,t) — > sup^^jj f/(a;, t) as n ^ oo. 
Now the local estimates [20] clearly imply that a subsequence of U{- + a;„, ■) converges 
uniformly on compact sets of either x M if dist{xn,dH) —>■ oo, or else if x M for some 
(possibly different) half-space H, to a solution U of f[T5]l . Note that in both cases, belongs 
to the interior of the domain of U, that 

U{0,t) = lim U{xn,t) = snpU{x,t) =: zit) 

n— >oo J. 

and also that 

f/(0,f) = supf7(a;,f). 

a; 

Next define z{t) = sup^. f/(x, t), t G M. Then since [/ satisfies f|T3l) and U{-,i) attains its 
supremum in the interior of the domain of U, the argument given above in the analysis of z 
applies to z to give 

z(i) — zit — h) ^ 2 

limsup;j_^o+ ; ^ —az{t) . 

h 

Now, we have immediately that z(t) = U{0,t) = z{i). And for t G M, z{t) < z{t), since 
if z(t) > z{t) for some t, then sup^f/(x,t) > sup^f/(x,t), so there exists x with U{x,t) > 
sup^U{x,t), and since U{x + x„,t) — * U{x,t), there exists no for which f/(x + Xno,t) > 
sup^U{x,t), which is impossible. So 

z{t) ~ z{t — h) z(i) — z(i — h) _ 2 

limsup^^Q+ < limsup;j_,Q+ < —az[t) < —az[t) . 

it it 

z{t) — z{t — h) 

It follows that for every t G M, limsup;j_,Q+ < —az(t)'^, and hence on the set 

of full measure on which z is differentiable, 

z < -azitf. (14) 

If there exists t with z{t) > 0, then z{s) > z{t) > for all s < t, since (|T^ implies 
that z is non-increasing. So since z{s) < M, z/z{t)'^ < z/z{sY < z/M'^ for s < t. Thus 
z/z'^ G L^(tQ,t), to < ^- So f|T^ can be integrated to obtain that for any to < t E M, 
l/z{t) > a{t - to) + l/-2(^o) and so 

z{t) < a-\t - to)-\ (15) 

Since to ^ K was arbitrary, we can let to —00 in (fT5|) to find that z{t) = for every t G R. 
Hence U = 0. 
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If all — V = ami(xo), a similar argument involving substitution for U in the V equation 
implies that V = 0. □ 



Recall the definition of from Lemma 12.41 yields the following convergence result, 
which gives the convergence properties that will be used in subsequent sections to analyse 
the long-time behaviour of solutions of problem (P^) for large k. 

Lemma 2.5 (i) If {u^, v^) is a solution of (P^) with < u'', < M, then for each to > 0, 
sup {II + II (w^^')" + ^^11 L2{n)} ^0 as k^(x (16) 

t>to 

and 

wl = Aw'' + h{w'') + R{u\ v'') (17) 

where 

h{w) := af{a-^w^) - gi-W), (18) 

and 

sup||P(M^^;'^)|U2(f^) ^0 as k-^oo. (19) 

t>to 

(ii) If, in addition, m\, rrig satisfy the supplementary condition (b5), then ( fl^) and ( 17^) 
hold with the norm || ■ ||L2(f^) replaced by the norm \\ ■ \\l°°{q)- 

(Here := max{w, 0}, := min{w, 0} and thus w = + w~ .) 

Proof. Fix to > and let e > 0. Lemma [2.41 implies that there exists fco such that for each 
k > ko, X & A'^ and t > to, either au''{x,t) < e or v''{x,t) < e. 

Suppose first that au''{x,t) > e and v'' < e. Then since w'' = au'' — v'' > 0, (w'^)"'" = w'' 
and {w'')~ = 0. So \{w'')~^ — au''] = \v''\ < e and \{w'')~ + v''\ = \v''\ < e. Similarly, if 
au^'lxjt) < t and f^(x, t) > e, then < 0, {w'^)^ = and {w'^)^ = w'^ . And hence 
|(w^)+ — aw'^l = la-u'^l < e and \{w'')^ + f'^l = law'^l < e. Finally, if au''{x,t) < t and 
v''{x,t) < e, then \{w'')^ - au''\ < |w^| + |q;u^| < 3e and |(w^)" + v''\ < 3e. 

Lemma \ZM ensures that one of these three possibilities must arise for each (x, t) G x [to, oo) 
where k > k^. So for such (x, t) and k, 

|(w'=) + (x,t) -aM'=(x,t)| < 3e and |(w'=)"(x, t) + f'=(x, t)| < 3e, (20) 

and hence for P : R x R ^ M defined by 

P(n^ v'') := afiu'^) - giv'') - af{a-\w''Y) + g{-{w'')-), 

we have 

|P(M^^;'=)| < aKf\u'' -a-\w''y\+Kg\v'' + {w'')-\ 

< 3{Kf + K,)e, (21) 
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where Kf^ Kg are the Lipschitz constants of /, g respectively restricted to the interval [— M — 
1,M + 1]. And since < u^^v^ < M and the measure \VL \ h.^\ as A; ^ oo, it follows 
that 

/ |(w'=)+-a?iY + l(^'')"+^T^O and / \R{u\v^)\'' ^ ^ 
Jn\A'= Jn\A'= 

as ^ oo uniformly in t > to- Since \Q\ < oo, this, together with (1201) and (12T1) establishes 

(fTED and (UnD. 



If, in addition, condition (b5) holds, then it follows from Lemma [2.41 that the above argu- 
ment holds with A'^ replaced by Q throughout, from which the last statement of Lemma [231 
is immediate. □ 



Remark We conclude this opening section by noting a relation with a special case of \6\. 
In a spatial segregation limit is derived for the generalisation of problem (P^) in which 
the diffusion coefficients of u and v are allowed to differ. It is shown that u'^ —>■ u and 
f ^ ^ f in L'^{Q X (0, T)) for every T > 0, where uv = almost everywhere in ^7 x (0, T) and 
w = au — V is the unique weak solution of a limiting free boundary problem (see [61 Section 
3] for details). 

Now if the diffusion coefficients are in fact the same, then for each < tn < T, 



/ 1+a' 



w = au — V 



w in C^+^—{Qx[to,T]) for all A'g(0,A). (22) 



3 Long-time behaviour (1) : closeness to stationary 
solutions of the limit problem 

In this section we will show that for sufficiently large k, solutions of (P^) are close to station- 
ary solutions of a certain limit problem for sufficiently large time. The appropriate notion of 
limit-problem stationary solutions is as follows. Recall the definition of h from Lemma 12.51 
and note from (b3) that mi,m2 G W'^'^{Q). We will say that w G H^^'^(f2) is a solution of 
(S) if 

(Aw + h{w) = inn^ 
[ w = anil — 7712 on oil, 

which immediately implies that w G C'^{K) for all compact sets K G Q and that w G C^'^{Q). 
Note that the results in this and the following section hold whether or not the supplementary 
condition (b5) holds. 

We first collect some standard regularity, boundedness and compactness results for solu- 
tions {u^,v^) of (Pfc) and that will be useful in this and the following sections. 

Lemma 3.1 Let {u^,v^) he the solution of (P^) for some A; G N. 
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(a) t), v^^{x,t) exist for each {x,t) E Q x (0,oo), and there exists A > such that for 
eacht> 0, u'l {■ , t) , vf{- , t) E C^'^iU); 

(b) for each to > 0, there exists (dependent on k) such that for each t > to, 

\\uH-^t)\\w^'pm, \\v''i-,t)\\w^,P(n) < Mk, 

and there exists M (independent of k) such that for each t > to, 

\\w\;t)\\w2„^n)<M, 

(note that since p > N, these estimates clearly also hold with W'^''^{Q) replaced by 
C^'\n) for some X>0); 

(c) given to > 0, there exist compact subsets At^^k C x W'^'^{Q) (dependent on k) 

and Atg C W^'''^{Q) (independent of k) such that for all t > to, 

E Ato,k and w^{-,t) E At,; 

(d) the limit set (omega-limit set) T of {uq,Vq) in x is non-empty, 

compact, invariant, connected, and dist{{u^ ,v'^){-,t),T) as t oc, where dist is 
measured in the W'^'^{Q) x W'^'''^{Q) norm and, as usual, 

r = {{u,v) E W^'P{Q) X W^'P{Q) : 

there exist — oo such that \\u''{-,tn) — u\\w'^,p(n) + — '>j\\w'^-p{n) 0}. 

Proof. We use the semiflow framework of Chp 3] in the space X = Lp{Q) x 
with the domain Wq'^{^1) x W^'^{Q,) for the system with homogeneous boundary conditions 
discussed in the proof of Lemma 12.31 (respectively X = L^{Q), domain W^'^lfl), for the 
corresponding homogeneous equation for the hnear combination w'^). 

Part (a) follows from fiSi Thm 3.5.2] and the fact that given (3 < 1 sufficiently close 
to 1, the fractional power space X^ C C^''^(f2) for some A > 0. That for such a A > 
^)llci.^(o); ll'^f (■) ^)llci'^(n) bounded independently of t > to for each fixed k, and 
t) 11(^1, A(n) is bounded independently of t > to and k eN, follow from [181 Thm 3.5.2] 
and Lemma 12.21 (note that Lemma 12.21 and the remark following give the independence 
of k of the bound on (■, t)||^i,A(f7-)). Part (b) then follows using Lemma again, to- 
gether with jl7l Lem 9.17]. For Part (c), note from the bounds on just observed, 
together with Part (b) and condition (a) on / and g, that given to > 0, there are compact 
subsets J. C L^{Q) x L^^Q) (dependent on k) and AJ^ C Lp{Q) (independent of k) such 
that for all t > to, u^{-,t), v^{-,t), {f{u^) - ku''v^){-,t), {g{v'') - aku^v^){-,t) E AJ^^^ and 
w^{■,t) E AJ^^; that A[^ can be chosen so that we also have {af{u^) — g{v'')){-,t) E A[^^ follows 
using f[T7|) . flTHl) . f[T^ from Lemma 12.5^ in addition to Part (b) and condition (a). Thus 
AM*^(-,t), At;^(-,t) E A^^ fc and Awf(-,t) E A[^ and Part (c) follows since A maps W^'P{n) 
bijectively to L^{Q). Part (d) is then immediate from (c) and [181 Thm 4.3.3]. □ 
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The main result of this section is the following. 



Theorem 3.2 Suppose that solutions of (S) are isolated in Then given e > and 

M > 0, there exists fco such that for k > and {u'', v^) the solution of (P^) with < ■u'^, v'^ < 
M , there exists a solution w of (S) such that 

\\au\;t)-w+{-)\\L2^^) + \\v\-,t) + w-{-)\\L2^n) < e (24) 

for all t sufficiently large (where how large t needs to be depends on k). 

Proof. First some preliminary remarks. 

(i) We will show that there exists a solution w of (S) such that w'' = au^ — is close to w 
in LF'{VL) for large time. fl2^ will follow from this together with f|T6|) from Lemma [2.51 

(a) Denote the set of all solutions of {S) by S. Then iS is a compact subset of since S 

is bounded in Vr^'^(n) and thus any sequence in S has a subsequence that converges weakly 
in ly^'^(il) and L^(c}f2), and strongly in L^(f2), to a limit w which is a solution of the weak 
form of (S*), and hence, by regularity, of [S). Hence 5 is a finite set, by the assumption that 
the solutions of {S) are isolated in L^(f2). In the rest of the proof, let 

S = {uf : 1 <i <r, re N}. 

(Hi) It follows from Lemma l3.ll (c) that for each to > 0, w''{-,t) lies in compact subsets 
of W^'^{Q) and C{Q) independently of k and of t > to- Since a continuous bijection on a 
compact set is a homeomorphism, this implies that the L°°-, L^- and l^^'^-norms generate 
equivalent metrics on the set {w''{-,t) : G N and t > to}- 

(iv) Fix rj > and to > 0. Then there exist 6 > and ko such that if for k > ko and t > to, 

''To?evi;?<T<r'' ^ l|A«,'(..«) + />(«,'(.. ())|U,,„,>i. (26) 

For if not, there exist sequences kj and tj > to such that fcj — > oo as j oo, w^,^, (■,tfcj G 
Vr^'P(n), = arnl^ — rnl^ on dVl, ||i(7fc^. (-, t^J — w*||L2(f^) > rj for each 1 < i < r 
and ||Awfc^.(-,tA:J + /i(wfcj(-,^))|U2(n) ^ as kj oo. Then by Lemma EH] (c), there 
exists w G W^''^{VL) such that a subsequence Wkj — > w in both W^''^{VL) and L^((9fi). 
Hence, using (b3) and regularity theory, w is a solution of {S). But this contradicts that 
\\'U)kj{-,tkj) — W*||2,2(Q) > T) for each 1 < z < r, and (l25l) follows. 

Our approach, which follows closely that in [H], is to show that the natural energy for 
the limit problem evaluated at w^{-,t) decreases at a certain rate when w'^(-,t) lies outside 
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L^-neighbourhoods of the elements of S. Choose and fix to > 0. For w G W^''^{Q) fl L°°{Q), 
define an energy 

E{w)= f \\Vw\^ - H{w) dx (26) 

where if is a primitive of h. Note first that, by Lemma l3.ll (b), w^{-,t) lies in bounded 
sets in Vr^'^(f2) and L°°(f2) independently of k and t > to, and hence S{w''{-,t)) is bounded 
independently of k and of t > to- Now fix e > 0. By Lemma [2 .St 

w'l = Aw'' + h{w'') + R{u\v''), (x,t) gHx (0,oo), (27) 

where supof^ ||-R('u'^, t>^) ||j^2(f^) — > as A; — > oo for each to > 0. And by Lemma [STT] (a), is 
sufficiently smooth that for t > tg, S{w''{-,t)) is differentiable with respect to t, and 

-S{w\-,t))= / Vw\x,t)—Vw\x,t)-h{w\x,t))w'l{x,t) dx 

= \ (-Aw^ - h{w''))w\ dx+ [ Viu'^w^ dx 
Jn Jan 

= [ i-Aw'' - h{w''))w^ dx, 
Jn 

= - [ {Aw'' + h{w''))iAw'' + h{w'') + R{u\v'')), by(l27D, 
Jn 

< -\\Aw'' + hiw'')\\L2^n)mw' + hiw'')\\L2^n)-\\Riu\-,t)^ (28) 

where \\R{u'',v'')\\i2(^q ^ as A; — > oo uniformly for t G [to, oo). 

So if t > to and ||w'^(-, t) —10^11^2(^2) > e/4 for every i G {1, . . . , r}, then this together with 
( 123]) with ?7 = e/4 gives the existence of > and /cq G N (larger than above if necessary) 
such that 

^£{w\-,t)) < -5i for all A; > fco, t > to, (29) 

since there exists 6 > such that \\Aw'' + h{w'') \\L^{n) > S and then A;o can be chosen so that 
WAw'' + hiw^^mn) - \\R{u''{;t),v''i;t))\\L2in) > S/2 for k > k^. 

Denote by Br{w) the ball in L'^iVL), centre w, radius R. We would like to show that there 
exists /5 > such that for k sufficiently large, Eiw^^i^-, t)) is a decreasing function of t outside 
Ul^^Bp^^lIf) and the drop in £{w''{-,t)) when w''{-,t) moves from inside Bpf^inf) at some t to 
the boundary of B^{'w^) (at some later time t) is larger than the possible range of S{w''{-,t)) 
when ||w'^(-,t) — w*||i,2(Q) < /5e. This implies that if w''{-,t) moves from inside Bpeinf') to 
dBeiw^), then w''{-,t) cannot re-enter Bjs^lHf) at any later time. Recall remark (in) and note 
that it follows that £{w''{-,t)) is close to S(vf) when w'^{-,t) is close to Uf in L^(fi) because 
£{■) is continuous as a function of G W^''^{Vt) fl {w G L°°(f2) : ||L°°(n) < 

To prove this, we first show that there exists T > such that if t > to and w''{-,t) G 
Be/i{w^) and w'^{-, t + i) ^ B^^iW), t > 0, then i >T. To see this, recall from Lemma ISTTl (b) 
that w''{-,t) lies in a bounded set in W^''^{Q) for all k and all t > tg, so there exists Mi > 
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so 



3e 



such that \\Aw''{-,t) + h{w^{-,t))\\L-i{n) < Mi for all such k and t. And 

w^{x,ti) - w''{x,t2) = / w^{x,t)dt= / {Aw''{x,t) + h{w''{x,t)) dt, 

Jtl Jtl 

w''{x,h) -W''{x,t2)\^ dx < {t2-h) f f \/\w^ + h{w^)f dt dx 

Q, Jn Jtl 

= {t2 - h) (^J {Aw'' + hiw'^yf dx^ dt 
< Ml{t2-hf. 

Hence ^2 — > ll"^^!'?^!) ~ {' it2)\\L'^{Q.) / from which the existence of T = 
follows. 

Now this together with (12^ implies that in going from B^/^iw^) to dB^iw^), £{w^{-,t)) 
drops by at least T^5i. And we can choose /3 > (< |) so that for t > to, 

\\w''{.,t)-w'\\mn) <Pe^ \£{w\-,t)) - £{llf)\ < ^T^- (30) 

Now we can apply (!25|) with rj = [3e together with (!28|) to obtain k > and ^2 > such 
that for t > to, 

k>k^ ^£(w\-,t)) < -62 
dt 

when t) — w^Wh'^iyi) > for each i G {1, . . . , r}. Thus for k > k, £{w^{-, t)) decreases 

when w^{-,t) lies in \ i3^e(wJ*), for some i, and the drop is at least T^5i as w''{-,t) 

moves from inside B/s^inP) to dB^inf), since /3 < |. It follows using (l30l) that if w'' leaves 
Bp^iW) and moves out to dBe{Tif), it cannot re-enter Bis^inf) at a later time. 

Now if w''{-,t) ^ Ul^iBi3e{w^) for all t sufficiently large, then £{w''{-,t)) would decrease 
at at least rate —62 for all large time, which would contradict the fact that £{w''{-,t)) is 
bounded below independently of t > to- Hence there is a sequence of times t„ — > cxo for 
which w''{-,tn) G Ul^iBi3e(vf), and since there are a finite number of w\ there exists zq and 
a subsequence (tn,„)5^=i of {tn)^=i such that w''{-,tn^) G i3/3e(ty*''). But if w^{-,t) left i3e(?iJ*'') 
for some t > )f:„Q, it would not be able to re-enter i3/3e(w*°). So w^{-,t) G i3e(tZT*o) for all t 
sufficiently large. □ 



4 Long-time behaviour (2) : convergence to stationary 
solutions of {Pk) 

Note first that here all solutions of (S) are not identically equal to zero, since it is supposed 
in (b3) that ami — m2 is not identically zero on dQ. Now observe that (as in [Til E])) it 
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follows from [T| that such solutions w of (S) only take the value zero on a set of measure 
zero. Hence h'{w{x)) exists for almost every x G fi. This enables us to make the following 
definition. 

Definition 4.1 A solution w G W^'P{Q) of (S) is said to be non-degenerate if the only 
solution w G ly^'^(fi) of the linearised equation 

Aw + h' {w)w = a.e. in fl, , , 

w = on ^ ^ 

is identically equal to zero. 

Lemma 4.2 Suppose that a solution w of (S) is non-degenerate. Then given M > 0, there 
exist e,kQ > such that for each k > k^, a solution {u^, v^) of (P^) that is defined for all 
t G M and < u'' , v'^ < M and satisfies 

\\w\-,t) -w\\L^n) <^ forallteR, (32) 
must have and vf identically zero on Q xW. 

(Note that for this lemma we do not assume that 0), 0) are given by (b4).^ 

Proof. Our proof follows that in [HI Thm 3] which establishes the corresponding result with 
zero Neumann boundary conditions. Much of the argument is un-changed and we give an 
outline here, giving most detail in a blow-up argument where the main differences with jT^ 
he. 

Suppose that the result is false for some M > 0. Then there exist sequences kj oo, 
tj and solutions {u^^,v^^) of (P^J that are defined for all t G M, < u^\v^^ < M, 

\\w'''{-,t) - wWl^q) < for all t G M 

for the solution w of (S) but {ul\v\^) is not identically zero on x R. 

First consider (P^) for fixed k. Let [u^ , v^) be a solution defined for all t G M with 
< u^,v^ < M and {u^,v^) not identically zero (so {u^,v^) is a non- stationary solution of 

Now since < u^,v^ < M for all t G M, standard parabolic estimates [20] yield that 
{Uf, v^) is uniformly bounded on x R. [Note that this bound depends, in the first instance, 
on k.] Since {u^^v^) is non-stationary, at least one of m^, is non-trivial. We introduce the 
norm 

ll(^, = SUp(||/i||l2(qx(s,s+1)) + IKI|l2(Qx(s,s+1))) 

which is finite for functions /i, / G L°°{VL x R), in particular, for {u^,v^). 

Now note that since /, g are assumed to be continuously differentiable, bootstrapping 
and differentiation gives that {u^^v^) is a solution of the linear system 

ht = Ah + if'iu'') - kv'')h - kuH, (x, t) G x R, (33) 
k = AI + {g'{v'') - aku^)l - akv^h, (x, t) G x R 
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with the boundary condition 



{h,l){x,t)=0 for {x,t)ednxm 

since {u^,v^) satisfies time-independent Dirichlet boundary conditions (by (b3)). Since 
(m^, ) is not identically zero, we can multiply (u^, ) by a constant to obtain a solution of 
( 133|1 . called {h^,l''), say, that satisfies 

\\{hM')\\' = l. (34) 

Now a Kato- inequality argument gives that h'' and /'^ are bounded in L°°{Q x R) inde- 
pendently of k] since the proof is identical to that in lUj modulo replacing the zero Neumann 
boundary conditions for (/i^, l^) in p3] by zero Dirichlet conditions here, we omit the details. 

We now use a blow-up argument to deduce that one of /i^-' and is uniformly small 
away from the set where w = if j is large. More precisely, given a compact subset A of 
(intf2) \ {x : w{x) = 0} and an eo > 0, we prove that there exists jo > such that 

\h''i{x,t)\ < eo or \l^'{x,t)\ < eo if (x,t) G A x M and j > jo- (35) 

Suppose that fl55]) is false. Then there exist Xj G A and tj G M such that \h''^ {xj,tj)\ > eo 
and {xj,tj)\ > eo for a sequence of j's tending to infinity (not re- labelled) . Without loss, 
we can assume, by a shift in time, that tj = for every j (note that the u''^ and v'^^ in (!33l) 
must also be shifted in time). Now thanks to the uniform-in-fc bounds on h^\l^^ obtained 
above, we can rescale and blow-up 0331) much as in the proof of Lemma 12.41 Note that since 
Xj G A and A is compactly contained in (intfi) \ {x : w{x) = 0}, any limit point of the Xj 
cannot lie on dQ, and hence rescaling always yields a limit system defined on X M (rather 
than i7 X M for a half-space H CR^). Note also that since w^i{-,t) lies in a compact subset 
of C{VL) independently of j and t (since w^^{-,t) lies in a bounded set in C^IQ) for some 
7 > 0, independent of j,t), the fact that sup^gjg \\w''^{-,t) — w\\L2{n) ^ as j ^ cxd implies 
that supjgjg \\w^^{-,t) — w\\loc(^q^ — > as j — >• cxd. This is because given a compact subset of 
L°°{Q), the and L^-norms generate equivalent metrics on this set due to the fact that 
a continuous bijection on a compact set is a homeomorphism. Moreover, since A CC fi, it 
follows as in the proof of Lemma 12.51 (i) that 

\\au''^{;t) - (t/^'0''(-,^)llL-(Ax[T,oo)) ^ and \\v'^{;t) + (w'0~(-, ^) llL-(Ax[r,oo)) ^ 0, 

(36) 

as j — > oo for each fixed T G M and A a compact subset of Q. So taking A with A CC 
A CC we have the existence of jo such that -A= + x,- G A for j > jo for all x' & K G 



compact (where jo is independent of x' for a given K), and hence the uniform convergence 
in fl36|) gives the existence of x G A such that 

x' t' x' t' 

v^^{ — + Xj, —) —w^{x), au^^ ( — + Xj, — ) w^(x), 
^kj kj ^kj kj 
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for a subsequence as j oo, uniformly in {x', t') & K x [—T, T] for every T > and K C 
compact. We thus obtain an L°°-solution {h, l) on x M of 

ht = Ah + w'{x)h~a-^w^{x)l, (37) 
It = Al — w^{x)l + aw" {x)h, 

such that \h{0,0)\ > eo and |/(0,0)| > eo- 

Now note that since x G A and A is compactly contained in \ {x : w{x) = 0} , exactly 
one of w~^{x) and w~{x) is non-zero. Suppose w~^{x) ^ 0. Then w^{x) > and 

It = Al- w^{x)l for all (x,t) G x M. (38) 

H sup(^ i)g]R'VxM^~(a;,i) = sup(^. i)gK'VxK{-^~(2;>^)} = 0, thenj(x,t) = for all (x,t), which con- 
tradicts |/(0,0)| > Co > 0. Otherwise, either sup(3,^t)g]8JVxM ^(a;, t) > or sup(^_t)gi5JVx]R{— ^(a;, t)} > 
0; in the latter case, replace / by —I (which still satisfies (l38i) ) and | — /(0,0)| > 0. Now as 
in the proof of Lemma 12.41 define 

z{t) = sup l{x, t). 

Arguing as in the proof of Lemma 12.41 then gives that 

z{t) < -w^{x)z{t) a.e. t G M. (39) 

Now since supj-^. j^gjgiVxiR ^(a;, t) > 0, there exists t with zit) > 0, so z{s) > z{t) > for all 
s < t, since fl39l) implies that z is non-increasing when it is non-negative. Hence for any 

to < t G M, 

z{t) < z{to) expi-w+ix){t - to)), (40) 

and so since Iq < t was arbitrary, we can let to ^ — oo in (HOl) to find that z{t) < 0, which 
contradicts the above. Similarly, if w~{x) ^ 0, the equation for h yields a contradiction. 
Hence the claim fl35l) is true. 

It remains to establish that w^^ := ah^^ — l^^ is uniformly small on i7 x M if j is large. 
The argument given for the corresponding result in [HI Thm 3] applies almost un-changed 
and we omit the details. Note that the requirement that w he a, non-degenerate solution of 
{S) is needed here. The idea is that via a contradiction argument, a non-trivial bounded 
solution of the linearisation of the parabolic equation satisfied by the limit w as kj 
oo of w''^ is obtained. Since this solution is non-trivial, there exists a time t such that 
w{-, t) ^ 0, and by the non-degeneracy assumption, there must be a non-zero real eigenvalue 
A of the linearisation of (S) such that the L^-inner product of w{-,t) with a corresponding 
eigenfunction is non-zero. But then z{t) :=< w{-,t),(j) > can be shown to satisfy z = Xz, 
and thus cannot be bounded, which is a contradiction. Note that having w satisfy zero 
Dirichlet rather than zero Neumann conditions causes no difficulties, and that the fact that 

\\au'''{-,t) - w^\\l°-(Ax[~t,t]) and \\v^'{-,t) + w"\\l°-(Ax[~t,t]) ^ 
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as j — ^ oo for each T > and each A CC is enough to pass to the hmit in the various 
weak forms of equations obtained by multiplying by smooth functions of compact support 
in ^] X M (see [H Thm 3]). 

To conclude, suppose that A is a compact subset of Q \ {x : w{x) = 0}. Since w''^ = 
ah^^ — l^^ converges uniformly to zero on x R and since, by fl35|) . given e > there exists jo 
such that j > jo implies \h^^{x, t)\ < e or \l^^{x, t)| < e for each x G A, t G M (by the blow-up 
argument above), it follows that /'^^ and h^^ each converge uniformly to zero on A x M as 
j ^ oo. Hence given e > 0, there exists j, independent of t, such that for all j > j, 

[ [h'^y < e+ [ {h'^f < e+{\\h'^\\Loo^n.R)f\n\A\. 

Jnx[t,t+i] J (n\A)x[t,t+i] 

Now ||Loo{nxR) is bounded independently of j and 1^2 \ A| can be made arbitrarily small 
by a suitable choice of A, since { w{x) = 0} and dfl each have zero ra-dimensional measure. 
So there exists j such that for all t E M., j > j implies that ||/?''^^ ||L2(Qx[t,t+i]) < 1/8- A similar 
estimate for ||/'^-' ||L2(nx[t,t+i]) can be established, giving a contradiction with the normalisa- 
tion ([MD for \\{h''^,l''^)\\'. The resuh follows. □ 



Theorem 4.3 Suppose that a solution w of {S) is non-degenerate. Then given M > 0, there 
exist e, fco > such that if k > and the solution (m'^, v^) of (P^) satisfies < u'', < M 
and 

\\w\-,t)-w\\L2(n)<e (41) 

for allt sufficiently large, then there exists a non-negative stationary solution {u^,v'') of (Pk) 
such that u''{-,t) m^'(-) and v''{-,t) v''{-) m W^'P{n) and m C^'^' (n) for all X' G (0, A) 
as t oo. 

Proof. Let e, ko be as in Lemma and for (fixed) k > ko, let {u^, v^) satisfy the hypotheses 
above (that such (m'^, v^) exist if there are non-degenerate solutions of {S) follows from 
Theorem 13.21) . Let F denote the cj-limit set of {uq,Vq) in W'^'P{Vt) x W'^'P{Vt). Recall Lemma 
13.11 (d) and note that the fact that F is invariant implies that it consists of the union of 
trajectories of {Pk) that are defined for all t G M. Now it follows from (jUj) that each 
(Tu, Iv) £ F satisfies ||a7u — 7i, — w||l2(q) < e. And by the characterisation of the omega-limit 
set, given (%, 7„) G F, there exists a solution (r^^, rj^) of {Pk), defined for all t G M, such that 

(i) {r]u{-,t),r]^{-,t)) G F for every t G M, and 

(ii) {%,%) = {r]u{-,i),r]^{-,i)) for some i eR. 

So rj := arju — rj^ satisfies \\ri{-,t) —w\\l2(^q^ < e for all t G M, and thus it follows from Lemma 
I4.2l that {rju, rj^) must be independent of time; that is, {%, %) = {rju{-, t), riy{-, t)) for all t G M 
and is a stationary solution of {Pk)- Hence F consists entirely of stationary solutions of {Pk) 
(and, since F is non-empty by Lemma [3. Ij such solutions must exist). 
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Since dist{{u^,v^){-,t),r) — > as t — oo, by Lemma l3.ll (d), it remains to show that 



for k sufficiently large, the elements of F are isolated in VV^'^IQ) x W'^'P{Q). Consider 
F : W^^P{n) X W^^P{n) LP{n) x LP{n) defined by 



Then since W^'Pi^) ^ C°'^(fi) for some A > 0, F G C^W^^Pin) x W^^P{n), LP{n) x LP{n)). 
Moreover, an argument the same as part of the proof of [HI Thm 1.2] gives that for k suffi- 
ciently large, the Frechet derivative F'{u*, v*) at a solution (-u*, v*) of F{u, f ) = is injective 
on W'^'P{Q) X W'^'P{Q). That F'{u*,v*) is also surjective and has bounded inverse follows 
from the Fredholm Alternative. The isolatedness of elements of F is then a consequence of 
the Inverse Function Theorem (see [2], Thm 1.2], for example) and the result follows. □ 

We conclude with a result on simple dynamics for (P^) and some remarks. 

Theorem 4.4 Suppose that all the solutions of (S) are non-degenerate. Then there exists 
fco > such that if k > ko, there exists a non-negative stationary solution {u'', v^) of (P^) 
such that u''{-,t) -> and v''{-,t) m VV^'Pin) and m C^'^' (Tl) for all \' E (0, A) 

as t oo. Note that ko is dependent on the boundary data m\\QQ,m2\dn but is independent 
of the choice of initial data for (Pk)- 

Proof. Note ffist that there exists M > such that for any k and any initial data (mq, Vq) for 
(Pfc) satisfying {uq,Vq) = {mi,m2) on dfl where m\,m2 satisfy (bl) — (b3), there exists T 
(dependent on k and (Mg,f^)) such that < u''{-,t),v''{-,t) < M for all t > T. This follows 
from the fact that z{t) := sup^g^ ^'^(a;, t) (similarly, sup^g^ f'^(a;, t)) decreases at a certain 
rate for t for which z(t) > sup^gp^ ^^■^{m'^{x),m2{x),2} =: M; indeed one can check that 
< f{z) so that z lies below the solution of the ordinary differential equation Ut = f{U) 
together with the same initial condition sup^.^^ Uq{x). Thus z{t) < M for some t; then, since 
z{t) is decreasing whenever z{t) > sup^gpj ^gf^{m^(x), m2(x), 1}, z{t) cannot increase above 
M for any t > i. 

The result now follows immediately from Theorem 13.21 and Theorem 14.31 applied with this 
value of M. □ 



5 On the local existence and uniqueness of stationary 
solutions of (Pk) close to a non-degenerate solution 
of [S) for large k 

We ffist prove the following result on the existence (and total degree) of positive stationary 
solutions of (Pfc) near {a'^w^, —Wq) in Lp{Q) x Lp{Q). Note that we assume here that the 
boundary conditions m\,m2 are in fact independent oi k and write m\ = mi, = m2. 




Au + f{u) — kuv 
Av + g{v) — akuv. 
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Theorem 5.1 Suppose Wq is an isolated (in L^{Q)) solution of (S) which changes sign 
and has non-zero index. Suppose further that the boundary conditions m\,m2 in (P^) are 
independent of k. Then there exist ko and 6i > such that for k > k^, (P^) has a positive 
stationary solution {u,v) in the Si-neighbourhood in Lp{Q) x LP{fl) of {a^^w^, —Wq). Here 
p is as in condition {hl)and by the index of wq we mean the fixed point index 

indexK{B2, wq), 

where K = {w E C^{fl) : w = ami — m2 on dQ} and B2W is the unique solution y of 

-Ay = af{a~^w^) - g{-w~) m Q, (42) 

y = ami — m2 on dQ. 

(Note that we use the notation B2 here for ease of reference with JTU^.) 

Proof. This is an analogue of [10^ Thm 3.3], which estabhshes a similar result for a system 
with homogeneous Dirichlet boundary conditions. Some key parts of the proof differ from 
that of [lOl Thm 3.3] and so we include a proof here, giving most detail where the differences 
lie. Consider the homotopy 

-Au = tf{u) + {l-t)f{{u-a-^v)+)-kuv in n, 

—Av = tg{v) + {l — t)g{{v — au)^) — akuv in Q, , . 

u = mi on d^l, 

V = m2 on dQ, 

where t G [0, 1]. 

We first note that positive solutions {u,v) are bounded in L°°{Q) independently of t G 
[0,1] and k. Indeed, it follows from (a) that there exists c > 0, independent of {u,v), k 
and t, such that —Au < c, —Av < c. Now let yi,y2 G W'^'^^fl) be such that —Ayi = c in 
Q and yi = m^ on dQ, {i = 1,2). Then the maximum principle gives that u < yi, v < y2- 
Since u, f > 0, it follows that there exists a constant Mq > such that for any non-negative 
solution {u,v) of fH3l) . 

< M < Mo, < f < Mq. (44) 

Now, as in [101 Thm 3.3], let fi{u,v,t) and f2{u,v,t) denote the right-hand-sides of the 
equations for u and v respectively in P3|) . and define um = min{M,M}, vm = min{t>,M}. 
Next define 

fi{u, V, t) = fi{uMo+l, VMo+I, t), « = 1, 2. 

By the choice of Mq in ( l44l) . the modified problem 



—Au = fi{u,v,t) in Q 

—Av = f2{u,v,t) in Q 

u = mi on d 

V = 7712 on dfl, 



-Av = f2{u,v,t) in n, .^^-^ 
u = mi on d^l, 
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has the same non- negative solution set as (H3|) . Indeed every nonnegative solution pair {u, v) 
of (HSj) is such that u,v < Mq so that {u,v) satisfies 

Now choose 6 > small enough that Wq is the only solution of (S) in the 5— neighbourhood 
Ns{wo) of wq in ^^(1]). Then choose 5i > so that 

{u, v) E dNs-^{a'^WQ , —Wq) implies that u ^ 0, v ^ and au — v E Ns{wo). (46) 

Here dNsj^{a^^WQ , —Wq) denotes the boundary of the (5i-neighbourhood Nsj^{a^^WQ , —Wq) 
of {a'^w^, -Wq) in LP{n) x LP(fi). 

Next we prove the following result. 

Lemma 5.2 For the above choice of 6i, there exists fco such that [JM) has no non-negative 



solution {u,v) with {u,v) E dNs^{a ^Wq, —Wq ) for any t E [0, 1] and k > ko. 

Proof. Because of our boundary conditions, more care is needed here than in the correspond- 
ing proof in [10| Lemma 3.1]. Suppose, for contradiction, that there are A;„ — >■ oo, t^ E [0, 1] 
such that (H5|) has a non-negative solution (M„,f„) E dNs-^{a~^WQ , —w^). Then by (H4|) . 
{un, Vn) is a solution of for k = kn, t = tn- Setting w„ = aUn — Vn gives 

-AWn = a{tnfiUn) + {l-tn)fi{Un-a'^Vny))-tng{Vn)-{l-tn)giiVn-aUny) =: bn, Say, 

(47) 

and bn is bounded in L°°{Q) independently of n, again using fH4|) . Now let ^/^ E W^'^^Q) be 
such that Alp = in Q and = ami — m2 on 9^2, and set Wn = Wn — ip- Then —AWn = bn, 
and there is a constant 7^ > such that 



VWn\' = - / WnAWn = / PVn&n < K. 

Hence Wn is bounded in W^'^{fl) and thus, taking a subsequence if necessary, there exists 
w E W^^'^{Q) such that 

Wn^w in W^''^{n) and L'^{dn), and Wn ^ w E ^^(fi). (48) 

We now adapt an idea from [6]. Let (p ^ W/Q^'^(r2) satisfy —A(f) = in fi, = on 5^ with 
A > and (p > in Q. Then multiplication of fj43l) by integration by parts and the fact 
that Un,Vn> give 

\VUn\'^4>dx< / {tnf{Un)) + {l-tn)f{{Un-a'^Vny)}Un4>+-ulA(j)dx- -U^^ — dS, 

In Jn ^ Jan ^ '^^ 

(49) 

and hence there exists > 0, independent of n, such that 



/ 

Jn 



\Vunf<\> dx<Ki. (50) 
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Similarly, there exists K2, > such that 



Vt;„r0 dx < K2, (51) 



n 



and 

UnVn(p dx < K3. (52) 



'n 



(See [6j for details of similar arguments for the parabolic system {Pk)-) It follows from 
( 1501) . flKTl) and dS]) that {fn}^i are each bounded in W^''^{n') and hence relatively 

compact in L'^{Q') for each Q' GG Q. Using (jH]) again, it follows that there are subsequences 
of Un,Vn (not relabelled) and u,vG L°°{Q) such that 

Un ^ u, Vn ^ V in L^{fl) and a.e. in f2, (53) 

and by fl52|l . 



M f = a.e. in f2, (54) 

which, together with (HHIl . gives that m = a^^U^ and w = —W^. Note that (!53|) also gives 
that (u,v) G dNs-^{a~^WQ , —Wq). 

Now take a subsequence if necessary to ensure E [0, 1]. It follows from (H71) . (HHll 

and ([53]) that for (j) G Co°°(fi), 

/ VwV(j) dx= {«(t/(a"%+) + {1 -t)f{a-^w+)) -tg{-w-) - {1 -t)g{-w-)}(f) dx. 

Thus w is a solution of (S). By ( l46i) . ( l48l) and ( 153|) . w = aw — tJ G Ns{wo), and thus w = wq, 
so u = a~^WQ and w = —Wq. This contradicts that {u,v) G SA^^-^ (a^^w^J^, — ), and com- 
pletes the proof of Lemma I5.2[ □ 

Next we return to the proof of Theorem 15.11 Now given k > ko, choose Mk > sufficiently 
large that 

Mu,v,t)+MkU>0, f2iu,v,t) + MkV>0 (55) 
for any u,v >0 and t G [0, 1], and also 

—fi{u,v,t) + Mk>0, —f2{u,v,t) + Mk>0 (56) 

for < M, f < Mo and t G [0,1] (note that fi{u,v,t), f2{u,v,t) are differentiable at such 
u,v). Define 

At = At,k : LP{n) X LP{n) L^in) X u\n) (57) 

by At{u,v) = {y,z), where 



-A + Mk)y = fi{u, V, t) + MkU in Q 

{-A + Mk)z = f2{u,v,t) + MkV inn, 

y = mi on 

z = 1712 on dQ. 
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Then At is completely continuous (that is, At is continuous and compact) and maps the 
natural positive cone P in Lp{Q) x Lp[Q) into itself. Moreover, by Lemma 15.21 and the 
homotopy invariance of the degree (see, for example, [H p201]), for k > k^, 

degp(J -Ao,Pn Ns, («-'<, -Wq), 0) = degp(/ - A^, P n Ns,ia-^w+, -w^), 0). (59) 

Note that {u,v) = A(){u,v) if and only if {u,v) solves fj45|) with t = 0, and by fj44l) . such 
{u,v) satisfies 

—Am = f{{u — a^^v)^) — kuv in 

— At> = qiiv — au)^) — akuv in f2, ,„^s 

AO ^0 

M = mi on aiz, 

f = m2 on 

As in Thm 3.3], we will show that for k sufficiently large, fl60|) has a unique non-negative 
solution in Ns^{a~^WQ , —Wq). Note first that if (m, w) G A^^^ (a~"'^Wo", — W(7) is a non-negative 
solution of fl60|) . then wq := au — v \s a. solution of (5). And hence Wq = Wq, by the choice 
of 5i. It follows that au — v = wo, and, since u,v >0, that 

M > (61) 

Now observe that for any A; > 0, the equation 

— An = f{a^^WQ ) — ku{au — Wq) in f2, u = mi on dQ, (62) 

has a unique solution satisfying u'^ > a~^WQ. Indeed, a~^WQ is a lower solution of 
(!62|) . This is because Kato's inequality (see, for example, [l9l[T3]) gives that in the sense of 
distributions, 

- A{\wo\) < -sign(wo) Awo 

= sign(wo) {af{a^^WQ) — g{—WQ)), (since wq satisfies (l23ll). 

= af{a-^w^) + gi-w^). (63) 

Then because \wo\ + Wq = 2wq, adding (163!) and (!23l) gives that in the sense of distributions, 

—A{a~^WQ) < f{a~^WQ) = f{a~^WQ) — ka~^WQ {a{a~^WQ) — wq), 

and thus since a~^wo = mi — a~^m2 < mi on dQ and hence a^^w^ < mi on dQ, it follows 
that a~^WQ is a lower solution of (1621) . And any large positive constant is an upper solution 
of fl62l) . so there exists a solution > a"^!^^}'. Uniqueness follows from the fact that the 
right-hand-side of fl62|) is non-increasing in u when u > a'^w^. (Note that this argument 
differs from that used in [TOl Thm 3.3] since here u = is no longer necessarily a lower 
solution if ami — m2 is large on dQ. ) 

Next, we prove that u'' —* a^^w^ in L^(i7) as k —* oo. This argument is the same 
as that in [TOl Thm 3.3]; we give it here for completeness. Note that > a~^WQ and 
u^{au^ — Wq) > 0. This second inequality gives that u''^ is an upper solution of (162|) if 
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ki < k and hence u''^ > if ki < k. Now let linifc^^oo ^^^^(3^) = u{x), x E Q. Then for any 

u^au'' - wo)(j) = k^U [ u^A(f)+ [ f{a-^w^) 
1 \Jn Jn 



as /c ^ oo, and hence 



/ u{au - wo)(p = for all G C^{n). 
Jn 



So u{au — Wq) = 0. Hence u = a~^WQ, since we know u > a~^WQ. Now let v'' = au^ — Wq. 
Then {u,v) = {u^,v^) solves (jSOD and {u^,v^) {a~^WQ, —Wq) in Lp{Q) x L^{Q) as A; ^ oo. 
Thus {u^,v^) is a non-negative solution of fl60l) in Ai5^(a~^W(J', — ) when /c is sufficiently 
large. 

Conversely, if {u,v) G Ns^i^W^WQ , —Wq) is a non-negative solution of (|60|) . then = 
aw — f solves (S*) and G Ns{wq) so = wo- Thus 

— Au = /(a^^tff}") — ku{au — Wq) in Q, u = mi on dQ, 

and hence u = and w = aw — = f'^. 

Thus for k sufficiently large, {u^, v^) is the unique non-negative solution of flBUl) in 
Ns^{a~^WQ , —Wq). So there exists ki > ko such that for k > ki, 

degpiI-Ao,PnNs,{a-'w^,-WQ),0)=mdexp{Ao,iu\v'')). (64) 

Let 

C = {{u,v) G C^(fi) X C^(fi) : M,f > in f2 and m = mi, z; = m2 on (65) 

Since Aq maps P into C, it follows from two applications of the commutativity of the fixed 
point index p 214], [23]) that 

indexp(Ao, {u'', v^)) = indexc(Ao, {u'', v^)) = mdex^{Ao, {u^ -hi,v^ - /i2)), (66) 

where C = {{u,v) e CliVt) x CliVl) : u + hi v + h2 > 0}, hi, i = 1,2 satisfy Ahi = 
in Q and hi = rrii on dVL, and for {u,v) G CliVL) x CliVl), 

io(M,{}) = {-A + Mk)-\fi{u + hi,v + h2,^) + Mkuj2{u + hi,v + h2,^) + Mkv) (67) 

where the inverse (—A -f- Mk)~^ is taken under zero Dirichlet boundary conditions. 

Now the strong maximum principle gives that u'^ > 0, f > in fi, and that the outward 

normal derivative — < at a point on dVt where u^iv^) = 0, and hence (m^ — hi,v^ — 

/ia) G int C. So 

indeX(5(io, («'' - hi,v^ - /la)) = index^i(j^)x^i(f^)(io, {u'' - hi,v^ - /is)). (68) 
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(Note that our inhomogeneous boundary conditions necessitate a shghtly different argument 
here from that in [TUt Thm 3.3].) 

We now use the homeomorphism h{u, v) = {u, au — v) in Cq{Q) x Cq{Q), as in [TOl Thm 
3.3]. Note that /i"^ = h, and that for {u,w) e C^iU) x C^iU), 

{h^^ A()h){u, w) = h^^A(){u, au — w) 
= h-\-A + Mk)-' 

f f{a^^(w + ahi — h2)'^) — k{u + hi){a{u + hi) — {w + ahi — /i2)) + M^u \ 
\ g{{—{w + ahi — /i2))^) — ak{u + hi){a{u + hi) — {w + ahi — ^2)) + Mk{au — w) J 

= i-A + Mk)-^ 

f f{a^^{w + ahi — h2)~^) — k{u + hi)[a{u + hi) — {w + ahi — /12)) + M^u 
\ af{a~^{w + ahi — /i2)^) — g{—{w + ahi — /i2) ) + 

So the commutativity of the fixed point index and the product formula give that 

index^i(j^)^q(j^)(io, {u'' -hi,v'' -h2)) = indexq(j^)(52, w;o-a/ii + /i2)-indexc.i(n)(^,M^-/ii) 

(69) 

where 

B2W = (-A + Mk)-\af{a-\w + ahi - /i2)+) - gi-{w + ahi - h2)-) + Mkw) (70) 

and 

Bii = (-A + Mk)'\f{a'^w^) - k{u + hi){a{u + hi) - wo) + M^u) 

for (m,w) e Clin) X Cl(Si). Hence, by (IMD and ([69]), 

indexp(y4o, {u^,v^)) = indexi<-(i?2, wo)-index^i(j^-)(5, — hi) (71) 

where i?2, K are as defined in the statement of the theorem. 

It remains to show that index^i(^f^-)(i?, — hi) = 1. First note that a'^w^ and uo (the 
solution of ([62]) with k = 0) are lower and upper solutions for ([62]) respectively (neither of 
which are solutions). Just as in the system ([35]) we add to both sides of ( 1^^ a term of the 
form Mfcti with large enough so that B maps the set 

C* = {ue : a-^w^ -hi<u<uo-hi} 

into itself (in fact, into intC*, by the strong maximum principle). Also, by the uniqueness for 
( [62]) discussed above, — hi is the only solution of m = Bu in C*. Also, B{C*) is a bounded 
set in C^(Tl); choose a large ball Br in QiQ) such that 5(C*) C Br. Let S = C* n Br. 
Then is a bounded convex set in Cq{Q) and B maps S into itself. Moreover, B has a 
unique fixed point in intS". Thus 

mdexci(ji){B, v!" - hi) = deg(J - B, intS, 0) = 1. (72) 

It follows from ([59]), ([64]), ([H]), ([12]) and the hypotheses of Theorem [O that 

degp{I - Ai,PnNs,{a-^w^,-Wo),0) = mdexK{B2,wo) ^ 0, (73) 

from which the result follows by the existence property of degree. □ 
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Theorem 5.3 Suppose Wq is a non-degenerate solution of{S). Then there exists kg > such 
that for any k > ko, (P^) has a unique positive stationary solution {u,v) near {a'^WQ, —Wq) 
in LP{n) X LP{n). 

Proof. We mimic the proof of [TT, Thm 1.2] which treats the corresponding problem with 
homogeneous rather than inhomogeneous Dirichlet boundary conditions. That in turn draws 
on frU{ Thm 3.3], of which our analogue is Theorem 15. II above. 

First, it follows exactly as in the proof of [111 Thm 1.2] that if 5i > is sufficiently small, 
then for large enough k, the linearisation of the stationary system 



ms)) 



—Au = f{u) — kuv in Q, 

—Av = giy) — akuv in f2, 

u = mi on dQ, 

V = m2 on dQ, 



is invertible at positive solutions [u^^v'^) G Ns^{a^^WQ , —Wq) (note that p > N, from (bl)). 

The next step is to show that for each such k, the value of indexp(y4i j^, (u'^, f ^)) at 
any positive solution {u'^.v^) of (Pfc(S')) in Ns^^a'^w^ , —Wq) is the same, where P is (as 
above) the natural positive cone in U'{VL) x U'{VL) and Ai^k is defined in ( l57l) (using ( !55l) and 
( 156|) ) in the proof of Theorem 15.11 This, together with Theorem 15.11 will give the existence 
of a unique positive solution of (Pfc(S')) in Ns^{a'^WQ , —Wq), since Theorem 15.11 gives the 
existence of such solutions, and the proof of Theorem 15.11 gives that if 5i > is sufficiently 
small, then for large enough fc, 

degp(/- Ai,fc,Pn A^5,(a-iw+,-Wo-),0) = indexK(P2, ti^o), (74) 

(see ( !73|) ). Note that index;^(P2j "U^o) is +1 or —1 since Wq is a non-degenerate fixed point 
of B2 {B2 is defined in ( H2|) and in (1701) ). Now for {u'',v^) as above, it follows from the 
commutativity of the fixed point index that just as in 



indexp(Ai,fc, {u'',v^)) = indexc(Ai,fc, (M^^;'')) 

for positive solutions of (Pfc(S')) where C is as defined in fl65|) . And note (as in [H]), that in 
C, small neighbourhoods of solutions are uniformly close, and hence the truncations in the 
definition of Ai^^ do not affect Ai^^ near fixed points. Thus we can delete the truncations 
and work with the map Ai^k defined to be Ai^fclc without the truncations. As in [TT], the 
reason for doing this is that Ai^k is different iable. Now (see also fl66l) and ([6j 



indexc(ii,fc, {u'', v'')) = index^(ii,fc, {u'' - hi,v'' - /la)) 

where ~ has an analogous effect to that in ([6 

= index^i(^)^^i(f^)(ii,fc, {u'' -hi,v^ - /la)) 

= indexq(^)^^i(^)(ii,fc {u^ -hi,v^ - /is), 0) 
= index^l(^)^^l(f^)(i;_;.,(M^ v^), 0). 
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Further, it follows from the proof of Theorem 15.11 that the system 



—Au = f{{u — a^^v)^) — kuv in Q, 

—Av = g{{y — au)^) — akuv in f2, , , 

u = nil on d^l, 

V = m2 on dQ, 

has a unique solution (uk,Vk) such that (uk,Vk) ~^ ('^^^'^(f > ""^o ) Lp{Q) x L^^Q). Note 
that solutions of (175|) are fixed points of the operator Aq^^ from the proof of Theorem 15.11 
And it follows as in the proof of [HI Thm 1.2] that there exists 6i > such that if k is 
sufficiently large, then / — A'q i^(u'', v'') is invertible and for (m'^, f G A^^^^ {a~^WQ, —Wq) fl C, 

indexq x (H) (^i,fc ^'') ' 0) = index^i (j^) ^ (j^) (M^ TJ^ ) , 0) 

since the linearisations fc, A'qj^ act in the space Cq{Q) x Co(fi), with homogeneous Dirich- 
let boundary conditions, as in [TT]. Since we prove that Problem (p7]) has a unique solu- 
tion and since the indices of non-degenerate fixed points of nonlinear maps are equal to 
those of the corresponding linearised maps, it follows that solutions {u'',v^) of (Pfc(S')) in 
Ns-^^{a~^WQ , —Wq) all have the same index 7, where 7 = ±1. Now let J\f be the number of 
stationary solutions of Problem P^. We deduce from fITil) that Afx'y = index;<-(i?2, Wq) = ±1, 
which in turn implies that J\f = 1. □ 



6 On the non-degeneracy condition 

Here we discuss the key non- degeneracy condition ( |3Ti) . Consider solutions w G ly^'^(n) of 
the stationary limit problem {S). Note first that, in contrast to the case when w satisfies 
homogeneous Neumann boundary conditions (see a remark in [131 P 472]), fl3T]) no longer 
always holds in one space dimension. To see this, let Q be an interval, say fl = (0, 1). If 
mi = 1712 = on dQ, it follows from, for example, [27J, that there may be many solutions of 
(5*). Now suppose that {ami — 7/12) (0) > 1 and {ami — 7712) (1) < —1. Then a solution w of 
{S) must be decreasing in x G (0, 1). This is because the form of h (see (fTSjl and (a)) forbids 
a local maximum (resp. minimum) of w{x) at xq if w{xo) > 1 (resp. < —1) and the fact that 
{S) has only even order derivatives together with uniqueness for initial-value problems gives 
that w must be symmetric about any critical point. Now define 7^(0;) = w'{x)'^ + H{w{x)), 
where if is a primitive of h, and note that 7^ is independent of x for a given w. Hence if 
w,w are two solutions of {S) with w{0) = ■w{0) = {ami — '"^2)(0) > 1 and |w'(0)l — I^'(0)l5 
then |iy'(a;)| > |w'(^)l ^'^ ^^J ^ which w{x) = w{x). So if {ami — 7/12) (1) < —1, this, 
together with the fact that w, w are both decreasing, yields that w = w, and thus {S) has 
at most one solution in this case. This shows that flSTl) cannot hold for every mi,m2 > 0, 
because if it did, the number of solutions of (5*) would be preserved as mi, m2 varied, by the 
inverse function theorem applied to a suitable projection (in fact, to the mapping nv\F-'^(o) 
defined in the proof of Theorem 16.11) . 
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However, it is possible to prove some results on non- degeneracy holding for all solutions 
of (S) for a generic set of boundary data. We use ideas from [21] and [S] . [21] prove that if 
h & and h{0) = then for generic 0, the equation Aw + h{w) = in fl, w = (j) on dfl, has 
only non-degenerate solutions. [8J extends their main ideas to h with possible discontinuities 
in h' in the context of generic domain (rather than boundary data) dependence. Note that 
h defined in (1181) is locally Lipschitz but is not in general C^. 

Theorem 6.1 (a) There is a dense subset A of {y & W'^'^{Q) : Ay = in Q} such that if 
(p E A and non-negative mi,m2 G W'^'P{Q) are such that ami — ^2 = (p on dfl, then 
every solution of (S) is non-degenerate. 

(b) Suppose that dfl = Fi U T2, where Fj is closed in dfl, i = 1,2. Fix ip G W'^^'^ifl) such 
that iP\ti > 0, 'ip\r2 = = in fl, and suppose that mi = ip on dfl. Then 

there is a dense subset B of {y E W'^''P{fl) : ?/|ri = 0, ?/|r2 > 0, Ay = Q in fl} such 
that if (f) E B and m2 = cp on dfl, then every solution of {S) is non- degenerate. 

Proof. The overall structure of the proofs is similar to that of [8^^ Thm 1] and ^24i Thm 3.1] 
and we give sketches here. The idea is to apply the version of Sard's theorem from [25] to a 
suitable map. First consider (a) and define 

X = U = W^'^'ifl), 

Y = {ye H^2,p(^) : Ay = in fl), 

V = Y\{Q}, 
Z = LP{fl), 

(we import the notation for spaces from [8l[2l] for ease of reference). Define F : U xV —* Z 

by 

F{u,v) = Au-^h{u + v), {u,v)eUxV. 

Note first that u-\-v is not identically zero for any {u, v) E U xV . This, together with [1], gives 
that for any solution {u, v) of F{u, v) = 0, u-\-v only takes the value zero on a set of measure 
zero. It follows, arguing as in [lOl p 468-469] and [T, p 248], that F is strictly different iable 
at {u,v) whenever F{u,v) = (see [5], p 48] for the definition of strictly differentiable) . This 
is the key property that allows h to be only locally Lipschitz - see [8]. 

Next note two technical properties of F. Firstly, F{-,v) : u ^ F{u,v) is Fredholm of 
index zero. The mapping u Au is an isomorphism from X onto Z, and u h'{u^ + v^)u is 
a linear compact operator from X into Z for each {vP, v^) eU xV (note that u^ + v^ 7^ a.e., 
so /i'(u°,t;°) makes sense, and that h'{u^ + f°) G L°°{fi), by (a) and ([H]) ). Secondly, F 
is proper, in the sense that the set oi u E U such that F{u,v) = with v belonging to 
a compact set in Y is relatively compact in Y. This is because if f „ — > i; in W'^'P{fl) and 
F{un, Vn) = 0, then since {un+Vn}'^=i is bounded in W'^'''{Q), {un}'^=i is bounded in W'^'P{fl) 
and has a subsequence — m in C{fl) (since p > N/2). Since h is continuous, it follows 
that h{un^. +VnJ converges in L^^fl), so {A(m„ -|-t>„)}J^^ is relatively compact in -^^(fi), and 
thus {un + Vn}'^=i, and so is relatively compact in W'^'^^fl). 
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We also need to check that zero is a regular value of F . As in [SI [2l], it suffices to show 
that if = and m G t/ = '^(^^) satisfies Am + h'{u^ + v^)u = a.e. with 

h'{u° + v^)yu dx = for all y eY, 

then u = 0. But 

[ h'iu^ + f dx = — [ yAu dx = — [ y^ dS for all y gY 
Jn Jn Jan du 

implies that du/du = on dQ. Since m = on dQ, as m G WQ''''{fl), it follows as discussed 
in [El p 144] that u = in as required. 

Now the strict differentiability of F and zero being a regular value give that F~^{0) is a 
C^-manifold (see [8[ Lem 1]). Also, 7!'v\f-'^{o) '■ F~^{0) — > is a C^-Fredholm map of index 
zero, is a regular value of vrv|^-i(o) if and only if is a regular value of F(-,t>°), and 
7ry|F-i(o) is proper (see [21, part (i) of the proof of Thm 1.2 and the Appendix]). Here ny 
denotes the usual projection of U xV onto the second factor and note that being a regular 
value of F{-,v^) says precisely that every solution of (S) equal to f ° on dfl is non-degenerate. 
The result follows by applying the version of Sard's theorem in [25] to 7Tv\f-^{o)- (See [SI p 
144] for more detail on these concluding arguments.) 



For part (b), set 

X = U = W^o'^(fi), 

Y = {w E W^'P{n) : w\r, =0, Aw = in ^]}, 

V = {w eY : w\r^ > 0}, 

z = LP{n), 

and define F : U x V ^ Z by 

F{u,v) = Au + h{u + v + ilj), {u,v)eUxV. 

Most of the properties noted for (a) follow in the same way here. To see that zero is a regular 
value of F, note that if F(m°, = 0,u eU = W^'^in) satisfies Au+h'{u^+v^+^p)u = a.e 
and 

/ /i'(u° + + 'ip)yu dx = for all y eY, 

then 

I h'itP + + ^)yu dx = - [ y^dS = for all y E Y, (76) 
Jn Jt2 diy 

which yields that du/dv = on This is enough to deduce that u = in Q - again, see 
[SI p 144]. The remainder of the proof is the same as for (a). □ 
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Remarks, (i) Note that if = 1, the boundary data is necessarily constant on each 
component of dQ. In particular, (b) implies that if f2 = (0,1) and we fix mi(0) > 0, 
mi(l) = and m2(0) = 0, then there is a dense set of positive constant values for m2(l) for 
which every solution of {S) is non-degenerate. When > 1 and 0, 1 are replaced by Fi, T2 
respectively, our method does not give a corresponding result for boundary data constant on 
each of the components ri,r2 of dQ since in that case we can no longer deduce from fl76l) 
that du/du = on 

(ii) Application of the inverse function theorem to 7rv|F-i(o) at a non-degenerate solution 
yO_j_yO q£ ^^-j yigi(jg isolatedness in W'^'^{Q) of solutions of {S) equal to on dfl, from which 
isolatedness in L^(fi) follows (because solutions of (5) belong to a bounded set in L°°{fl) for 
a given v^, so non-isolatedness in L'^{Q) would imply non-isolatedness in LP(f2), and since 
solutions of (5) satisfy fl23l) and h is locally Lipschitz, non-isolatedness in Lp{Q) would imply 
non-isolatedness in W^'^i^fl)). 
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